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Abstract. We present a Gagliardo-Nirenberg inequality which 
bounds Lorcntz norms of the function by Sobolev norms and ho- 
mogeneous Besov quasinorms with negative smoothness. We prove 
also other versions involving Besov or Triebel-Lizorkin quasinorms. 
These inequalities can be considered as refinements of Sobolev 
type embcddings. They can also be applied to obtain Gagliardo- 
Nirenberg inequalities in some limiting cases. Our methods are 
based on estimates of rearrangements in terms of heat kernels. 
These methods enable us to cover also the case of Sobolev norms 
with p = 1. 



1. Introduction 

In this paper we establish Gagliardo-Nirenberg type inequalities for 
Sobolev, Besov and Triebel-Lizorkin spaces. 

Recently, some Gagliardo-Nirenberg inequalities have been devel- 
oped as a refinement of Sobolev inequalities. Let / be a function on 
]R n such that its distribution function Xf(y) is finite. The Gagliardo- 
Nirenberg- Sobolev embedding theorem assures that 

||/||n/(n-l) < c||V/||i, (1.1) 

where c only depends on n. In the works of Cohen-Meyer-Oru [5], 
Cohen-DeVore-Petrushev-Xu [6], Cohen-Dahmen-Daubechies-DeVore 
[7] it is proved that 

re-l 1 

imUn-D^cllV/U^ \\f\\-. {n .^ (1.2) 

CO , r>c 

where B^^ 1 ^ is the homogeneous Besov space of indices (— (n— 1), oo, oo). 
This improved Sobolev inequality is easily seen to be sharper than ( II. ip 
(indeed, inequality (12 .4p below imply L n /( n_1 ) c i?oo,oo 1 ' ) )- Inequality 
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( II. 2p presents an additional feature: it is invariant under the Weil- 
Heisenberg group action (see [5]). The proof of (jl.2p in [3 El E] is 
based on wavelet decompositions together with weak-^ 1 type estimates 
and interpolation results. 

Ledoux [16] extended inequality (11.21) . He proved that for any / G 

< cIIV/IOI/II^Vx), l<P<q<oo, 6=p/q. (1.3) 

£*00 .OO 

His approach relied on pseudo-Poincare inequalities for heat kernels. 

In particular, inequality ( II. 3p gives a refinement of the Sobolev em- 
bedding 

||/||np/(n- P )<c||V/|| p l<p<n. (1.4) 

Afterwards, Martin and Milman (18] proved an estimate based on 
non-increasing rearrangements: 

r(s)<c\Vfr(s)^\\f\\™ , a<0. 

oo,oo 

(here f**(s) = ~ Jq f*(t)dt and /* is the non-increasing rearrangement 
of/). This estimate implies (I1.3P for p > 1. However, since the operator 
/ i — y /** is not bounded in L l , the important case p — 1 is unclear. 

In this paper we extend inequality ( II. 3p to stronger Lorentz quasi- 
norms and higher order derivatives . It is well known that the Sobolev 
inequality (II .4p can be improved in terms of Lorentz spaces. Namely, 
let r G N, 1 < r < n, 1 < p < n/r, and let p* = npjin — rp). Then for 
any function / G W^(R n ) 

||/||p., P < c||2>7|| P , (1-5) 

where 

V r f{x) = Y,\D v f{x)\. 

\v\=r 

We prove that for the same values of parameters, 

ii/ii.*,. < \\v r f\\i^ ,n \\f\r'^ i<p<1 (i.6) 

±5 oc ,p I 

(see Theorem 14.31 below) . This is a refinement of (11.51) . 

Inequality ( II. 6p is a special case of one of our main results, Theorem 
14.11 This theorem states the following. Let 1 < pi,p2 < oo and 
1 ^ Qii Q2 < oo. Assume that pi ^ p 2 , qi — 1 if Pi — 1, and qi = oo if 
Pi = oo {i = 1,2). Let r G N, s < and set 9 = r/(r — s). Let 

1 _ 1-6 9 11-0 9 

p Pi P2 q qi q2 
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Then, for any function / e W^ ugi (R n ) n B p2 



M < cpVOl/lli > (1.7) 

where c doesn't depend on /. 

It is obvious that (11.31) can be obtained as a special case of (11.71) . 

We emphasize that the proof of this result is straightforward and 
uses only elementary reasonings. In particular, it doesn't use the 
Littlewood-Paley theory. On the other hand, this theory establishes 
the equivalence between Sobolev spaces WZ and Lizorkin-Triebel spaces 
Fp 2 for 1 < p < oo. Therefore for p\ > 1 Theorem 14. II can be partly de- 
rived from Gagliardo-Nirenberg inequalities which we prove for Triebel- 
Lizorkin and Besov spaces. We shall briefly describe these results. 

First we observe that limiting embeddings into Lorentz spaces similar 
to (ll.5p hold also for Besov spaces. Let 0<r<oo, 1 < p < n/r, 1 < 
q < oo, and let p* = npj (n — rp). Then for any function / in the Besov 
space B r pq (W n ) 

||/lk 9 <c||/|| BpV (1.8) 

(see [11], [H]). In the case p = q a refinement of this inequality was 
proved by Bahouri and Cohen [1] . Namely, they proved that if 1 < p < 
n/r (r > 0) and p* = npj (n — rp), then 

II/IUp < cll/ll^ll/ll^. (1.9) 

In section 6 below we prove various inequalities similar to (11.71) . in 
which the quasinorms in the right-hand side are both of Besov type 
(see Theorem 16.31) . or both of Triebel-Lizorkin-Lorentz type (Theorem 
16.11) . or represent a mixture involving Besov and Triebel-Lizorkin types 
(Theorems 16.81 and 16.101) . The exact conditions on the parameters will 
be specified in these theorems; here we consider only some special cases. 

An important special case of Theorem 16.31 is inequality (11.91) and, 
more generally, a refinement of inequality (11.81) for all 1 < q < oo, that 
is, 

imu < cii/iii7 r/n ii/iij/_„ /P . 

p,q -Ooo.q 

Further, Ledoux [TB] observed that inequality (11.31) implies some lim- 
iting cases of Gagliardo-Nirenberg inequalities. To be more concrete, 
(11.31) implies 

11/11, < c\\Vf\\f\\f\\l-^, l<p<q<oo, - = --—• 
' q p qn 

Other examples of limiting cases of Gagliardo-Nirenberg inequalities 
were proved by Wadade [27]. Similar inequalities to J27J Theorem 1.1 
and Corollary 1.2] can be deduced as consequences of theorems 16.101 
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16.14 and transitivity of embeddings (see Remark I6.12p . That is, let 
l<p<g<oo,0<r, p < oo. Then the following inequalities hold: 

ll/L<c||/||^||/|g /9 (1.10) 

and 

ii/ii, <c\\f\t n t \\n*i*. (i.ii) 

£ r,oo 

Here i^oo denotes the corresponding homogeneous Triebel-Lizorkin 
quasinorm. Let us remark that, in spite of inequalities (ll.lOp and 
(II. lip seem the same as those in [27], the range of the parameters p, q, 
r, p where they hold is different. Thus the behaviour of the constants 
c is rather different. 

The paper is organized as follows. Section 2 contains definitions 
and some basic results which are used in the sequel. In Section 3 
we give auxiliary propositions which we apply in Gagliardo-Nirenberg 
inequalities involving Sobolev norms. These inequalities are proved 
in Section 4. Section 5 contains auxiliary propositions for inequalities 
involving Triebel-Lizorkin and Besov norms. These inequalities are 
proved in Section 6. 

Our approach is based on estimates of rearrangements in terms of 
heat kernels and derivatives. We use truncations and corresponding 
decompositions (cf. [21]) to deal with the important case of Sobolev 
norm in L 1 . Also, transitivity of embeddings is applied to obtain some 
results. 

2. Definitions and basic properties 

Denote by So(ffi n ) the class of all measurable and almost everywhere 
finite functions / on M n such that for each y > 

X f (y) = \{xeR n : \f(x)\ > y}\ < oc. 

A non- increasing rearrangement of a function / G So(M. n ) is a non- 
increasing function /* on M + = (0, +oo) such that for any y > 

\{teR + :f*(t)>y}\ = \ f (y). (2.1) 

We shall assume in addition that the rearrangement /* is left continu- 
ous on (0, oo). Under this condition it is defined uniquely by 

/*(*) = mf{y > : X f {y) <t}, < t < oo. 

For any t > and any /, g G S (R n ) 

(f + gy(2t)<r(t)+g*(t). 
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The following relation holds j22j Ch. 5] 

sup f \f(x)\dx= [ f*{u)du. (2.2) 

\E\=tJE JO 

In what follows we denote 

/-(*) = 7 f r(u)du. 

1 Jo 

By (12. 2D , the operator / h-> /** is subadditive, 

(/ + <?)**(*) </**(*) + <?**(*)■ 

Let < p, r < oo. A function / G ^(M™) belongs to the Lorentz 
space LP' r (R n ) if 

/ poo j.\ l/r 

Wf\\^r=\l Vntyj) <OC. 

For < p < oo, the space L p '°°(IR n ) is defined as the class of all 
/ G S (R n ) such that 

||/|| P ,oo = SU P t 1 / p rW<00. 

t>0 

We have that ||/||p, p = ||/|| p - Further, for a fixed p, the Lorentz spaces 
L p ' r strictly increase as the secondary index r increases (see [21 Ch. 4]). 
We shall use also an alternative expression of Lorentz quasinorms 

/ roc \ l/r 

ll/lliv = ff y rT^tW 1 * dV) , 0<p,r<oo (2.3) 

(see [TD], Proposition 1.4.9]). 

Let 1 < p < oo and r G N. Denote by WJ(R") the Sobolev space 
of functions / G L p (IR n ) for which all weak derivatives D u f [y = 
(yi, u n )) of order \v\ = v\ + • • • + u n < r exist and belong to L p (M. n ). 

Further, we shall consider the homogeneous Besov spaces and the ho- 
mogeneous Triebel-Lizorkin spaces. These spaces have a wide history. 
They admit several equivalent definitions in terms of moduli of smooth- 
ness, approximations, Littlewood-Paley decompositions, Cauchy-Poisson 
semigroup, Gauss- Weierstrass semigroup, wavelet decompositions (see 
[2"Ul I2~4"t [231 [25]). In this paper we deal with the thermic description 
based on the Gauss- Weierstrass semigroup. 

From now on, define for any x, y G M. n , 

e -\y\ 2 m) r 
) = 777W2"' p hf(x) = / Ph(y)f(x - y)dy. 
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By Holder's inequality, for any / G L q (M. n ), 1 < q < oo, 

||^||oc<c/r"/^||/|| 9 . (2.4) 

Let — oo <s<oo, 0<g<oo, and < p < oo. Let m be a 
non-negative integer such that 2m > s. The homogeneous Besov space 
B* (W 1 ) is defined as the space of all tempered distributions / 6 5" on 
R n ' such that 



B s 
p.? 



j l (m-s/2)q 



d m P h f q dh\ 
dh m _ /i 



V? 



< oo 



(usual modification if g = oo). 

It is well known that Besov spaces B s p increase as the second index 
q increases, that is 

< r < q < oo. (2.5) 



B s — | /;- 

p,q Pi? 



Furthermore, if < p < Pi < oo, < q < oo, — oo < s < oo, and 
si = s - n(l/po - then 

(2.6) 



B 1 



< C 



R»0 
- D P0.<3 



(see [23 2.7.1]). 

We have also the following inequality: if 1 < po < p\ < oo, n > 2 
if p — 1) r G N, and s = r — n(l/p — 1/pi), then for any function 

(2.7) 



/r- ^cV|pV|| 



< 



|i/|=r 



By (12. 6p . it is sufficient to obtain (12. 7p in the case s > 0; for this case, 
see [11], [12] - [15], and references therein. 

We recall also the thermic definition of Triebel-Lizorkin spaces. Let 
— oo <s<oo, 0<p<oo and < q < oo. Let m be a non-negative 
integer such that 2m > s. The homogeneous Triebel-Lizorkin space 
Fp q (M. n ) is defined as the space of all tempered distributions / G S' on 
IR™ such that 



ry°° h (m ~ s/2)q 


d m P h f 











p 9 (]R n ) increase as the index 



(usual modification if g = oo). 

For fixed p the Tribel-Lizorkin spaces F } 
q increases. 

In order to obtain more precise Gagliardo-Nirenberg inequalities we 
will consider also the Triebel-Lizorkin spaces based on Lorentz quasi- 
norms. Let — oo <s<oo, 0<p<oo, 0<g,r<oo. We say that a 
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tempered distribution / belongs to Ff (M. n ) if 



j l {m-s/2)q 



d m P h f 
dh m 



(•) 



dh 
~h 



1/9 



< oo 



p,l 



(usual modification if q = oo). Observe that quasinorms of this kind 
were considered in [TB] . The corresponding quasinorms based on Littlewood- 
Paley decompositions were also used in 



3. Auxiliary propositions for inequalities involving 

sobolev norms 

The following lemma is a slight modification of Lemma 2.4 in |15j . 

Lemma 3.1. Let {ak}k&z G be a nonzero sequence of nonnegative 
numbers, and let < 5 < oo. Then there exists a sequence {f3k}k& of 
positive numbers satisfying the following conditions: 

(1) Ctk — 0k f or a M k £ ^/ 

(2) J2^= (1 _ 2 -^ J2 ak ' 

k£Z ^ > k& 

(3) 2~ 5 < (3 k+1 /(3 k <2 s ,ke Z. 



Proof. Define 
Then a' k > a k and 



a' k = 2 



-fed 



E 2 

m<k 



mS 



a. 



oo 1 
k£Z meZ k=m m£Z 



a. 



Since 2 fc<5 o/. increases, we have 



(3.1) 



(3.2) 



Further, set 



& = 2 kS J2 2 

m=fc 

Then (3 k > a' k > a>k- By (13. ip . we have also 

oo 

E a = E 2" E 2_m ^ = E 2 ~ m ^ E 2 



fed 



kez 



k£Z m=k 



1 _ 2- s E a ™ fi _ 2-5)2 E 



fc=— oo 



o, 
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Since {ak}k& is nonzero, we have a! k > for k > k . Thus, (3k > 
(k G Z). Since 2~ kS f3k decreases, we have 

On the other hand, using (13.21) . we obtain 



m=k m=k 

oo 

= 2 (*+i)« ^ 2-(" 1 - 1 ^ = 2 5 (3 k+1 . 



a m+l 



m=k+l 



□ 



Lemma 3.2. Lei JcZ and {.&,}j e j C 6e a sequence of measurable 
disjoint sets such that for any j G J, 

fee J,fc>j 

Lei 1 < q < p < oo. Then for any function f G L p ' 9 (IR n ) 



Proof. Observe that 



E^ /P_1 / l/(^)l^<ll/IIL- ( 3 - 3 ) 



\f(*)\ q dx= [ G{x)\f(x)\*dx, 



3&J 

where 

G(*) = £a*^W*)- 
Since g < p, it holds that H^ P ~ l increases as j increases. Then, if 

y e £y, 

G(y) = ^ /P_1 < G(x) if x g |J £ fe 

keJ,k>j 

and 

G(y) > G(x) if x G |J £7 fc . 

k£j,k<j 

In consequence, 

^(«) = E^ l X( W+ ^](«)- 
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Further, for u G (fij + i, fij] it holds that fi q J p 1 < u q ^ p ^ 1 , hence G*(u) < 
ns/p- 1 . Applying Hardy-Littlewood inequality, we obtain 

/»oo /*oo 

G(x)\f(x)\ q dx < / G*(u)f*(u) q du < / u q/p ~ l P{u) q du. 
Jo Jo 

This implies (13. 3ft . □ 

Lemma 3.3. Lei 1 < p < g < oo. Assume that f G L p,9 (IR n ) an<i fet 
{Ej}j(zi be a sequence of measurable sets such that for some N eN 

E nE k = ® if \j-k\>N. 

Then 

J2\\f^x, q < Nq/p \\m, q - ( 3 - 4 ) 

Proof. Note that E k +jN H E k +iN = for any fc, j, i G Z, i ^ j. Denote 
/j — /X-Ej- We have for any < A; < iV, 

E = E l{ x G *w = > v}\ < A/(y). 

Then 

iV-1 

E A /,fe) = E E A w(?/) ^ ^/(^ for an y > °- 

iez k=o jez 

Thus, using ( 12.3ft and taking into account that p < q we get, 



< AT^p / ^Xf{y)^dy = N^\\f\\ q >q . 



□ 

As above, we denote 

p h ( y ) = (ATih)- n ' 2 e^ 2/{ih) . 

Lemma 3.4. Assume that a function f G L\ oc {W. n ) has a weak gradient 
V/ G S (R n ) such that 

[ (Vf)*(s)ds < oo for any t > 0. (3.5) 
Jo 
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Then for any h > 

/ ph(x — y)\f(y)\ dy < oo for almost all iGK" (3.6) 

and 

(f-P h fr(t)<c n Vh(Vfr(t) for any t > 0, (3.7) 
where c n depends only on n. 

Proof. For almost every i6K™ and almost every v G M. n we have 

f{x + v)-f(x)= [ Vf(x + rv) -vdr (3.8) 
Jo 

(see H3 p. 143]). Thus, 

\f(x + v)\<\f{x)\ + \v\ [ \Vf(x + Tv)\dr. 

Jo 

From here, we obtain that for any cube Q C M n 

Ph( v )\f( x + v)\ dvdx < / \f{x)\dx 




+ / / Ph( v )\ v \ / |V/(x + tv)\ dx dv dr 
Jo Jr™ Jq 

< [ \ f(x)\dx + c n Vh f Q \vfy(s)ds < oo, 
Jo Jo 



Q 

where 

\v \e~^ 2 dv. 



Zn = 27T-"/ 2 I 

Jw 



This implies (ETfll) . 

Further, for any h > we have 

f(x) - P h f(x) = (4nh)- n/2 [ e-\*-y\ 2 ^ h \f{x) - f(y))dy 

= n- n/2 [ e- |z|2 [f{x) - f{x + 2Vhz)]dz. 
Jr™ 

Using (I3.8p . we get 

\f(x) - P h f(x)\ < 2Vh~7r~ n/2 [ \z\e^ 2 [ \Vf(x + 2Vhrz)\drdz. 

Jr u Jo 
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By this estimate, we have for any measurable set £cl™ with measure 
\E\ =t > 



\f(x)-P h f(x)\dx 

E 

<2Vhn- n/2 [ \z\e-\ z? [ [ \Vf(x + 2Vhrz)\dxdTdz 

Jr" Jo J e 

< 2Vhit~ n l 2 [ {Vf)*{u)du [ \z\e~\ z? dz. 
Jo Jm.™ 

This implies (13. 7p . □ 

Remark 3.5. We observe that inequality ( 13. 7p was proved in [18] (with 
the use of K— functionals). We give a direct proof of this inequality for 
completeness. 

Remark 3.6. Assume that / G 5 (M n ) and 

/**(*)< oo for any t > 0. (3.9) 

Then 

(Phf)**(t)<f**(t) for all t>0. (3.10) 

Indeed, for any measurable set E C M n with measure j^j = t we 
have 



P h /(a;)|da;< / / - z)\dxdz < tf**(t). 

E Jti" Je 

This implies ()3.10p . 

It is possible to prove that (13.91) holds for any function / satisfying 
conditions of Lemma 13.41 

Lemma 3.7. Let a = (aj., . . . , a n ) G U 1 be a non-negative multi-index 
and set \a\ = a% + . . . + a n . Assume that f is a locally integrable 
function , which has weak derivative D a f. Assume also that f is a 
tempered distribution. Let s<0 ; 1 < p, q < oo, then 



where c only depends on n, a and s. 

This lemma is well known. See, for instance [2U p. 59, 242]. But 
there, the norms in homogeneous Besov spaces are taken in terms of 
Littlewood-Paley decompositions. For completeness, we present a proof 
using the thermic description of the Besov norm. 
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Proof. First, as / is a tempered distribution and ph is in the Schwartz 
class, it is well known (cf. [2"3"| p.52-53])that the convolution P^f = 
f *Ph is a C°°(lR n ) function which is also a tempered distribution and 
it holds that 

D a (P h f) = Ph * (D a f) = f * (D a p h ). (3.11) 

It is also known that [9j p. 393, Theorem 2 (ii)] for any h > and g in 

L p (R n ) 

\\D a (P h g)\\ p <c nta h~^ 2 \\g\\ p (3.12) 
Moreover, since p 2 h = Ph* Ph, we have 

Pihf = Ph(PJ). (3.13) 
Then, by fl3TTD . fl3TT3|) and fl3TT2|) we obtain 

\\P2h(D a f)\\ p = \\D a (P 2h f)\\ p = \\D a (P h (Phf))\\p < Cn,ah~ M/2 \\Phf\\ P 

From this inequality, the Lemma immediately follows. □ 

4. Inequalities with Sobolev norms 

By Wp^iW 1 ) (r G N) we denote the space of all functions / G 
L p,q (W ri ) for which all weak derivatives D"f [y = (ui, v n )) of or- 
der \v\ — V\ + • • • + v n < r exist and belong to L p ' q (M. n ). As above, we 
denote 

V r f(x) = Y,\D u f(x)\. 

\u\=r 

Theorem 4.1. Let 1 <pi,p2 < oo and 1 < qi,q2 < oo. Assume that 
Pi 7^ Pi, Qi — 1 = 1; awd Qi = oo if Pi = oo (i = 1,2). Let r G N, 
s < an<i se£ 9 = r/{r — s). Let 

1 1- 9 9 1 1 - 6 6 fl s 

- = + -, - = + -. 4.1 

p Pi P2 q q\ q2 

Then, for any function f G W£ lift (R n ) n B s P2tq2 (R n ), 

ll/IU^cll^/II^JI/lli , (4-2) 

where c doesn't depend on f. 

Proof. First we consider the case r = 1. 
For any A > 0, set 

F(x, A) = min(|/(x)|, A) sign(/(x)). 

The same reasonings as in [3 1 9 2.1.4, 2.1.8] show that F(x, A) can be 
modified on a set of measure zero so that the modified function is locally 
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absolutely continuous on almost all lines parallel to the coordinate axes 
(we shall call this the W— property). Set now for any j G Z 

fj(x) = F( X , r (2- j '-")) - F( x , r 

(where a number v G N will be chosen later). Then each fj has the 
W— property. Let 

h s = {xe R n : rp~ i+v ) < \f&)\ < r(2- j - v )}, 

(clearly some Hj may be empty). Then Vfj(x) = for almost all 
x £ Hj and Vfj(x) = V/(x) for almost all x G Hj. Thus, 

Vfj{x) = XH] {x)Vf{x) for almost all x G R n . (4.3) 

It follows from the definition of Hj that 

HjnH k = dS if \j-k\>2v. (4.4) 

Besides, we have 

\Hj\ < 2- j+v (j G N). (4.5) 



Denote 



We shall show that 
i/gi 



Aj = 2^ [ \Vf{x)\dx. (4.6) 

JHi 



J2 A f) <^HWlU, gi , where K = 2 2v max fl, \ . (4.7) 
jez J V 91/ 

First we assume that 1 < qi < pi < oo. By Holder's inequality and 

(USD, 

Af < 2 jqi/p 'i\H j \ qi - 1 [ \Vf(x)\ qi dx. (4.8) 

For a fixed integer < m < 2v, consider the following proper subset 
of Z: 

J = {2vi + m G Z : z G Z, |-ff 2 ^+m| > 0}. 
By f)4.4p . the sets /f.,, j G J are pairwise disjoint. Further, set /ij = 
J2keJ,k>j \Hk\ for any j G J. Note that 

< \Hj\ < fij < 2- j+u (4.9) 

since 

|J ^c{xer : f(2-^)<l/WI} (jeJ). 

Then, by ([48]), fl4T9|) and Lemma E21 we have 

i&L jeJ 
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Thus, 

^A] 1 <2z/2^||V/||^ igi if l<gi<Pi<oo. (4.10) 

Let now 1 < pi < q\ < oo. First, we have, applying Holder's inequal- 
ity and taking into account H4.3|) and (14.51) 



3 



3i- 



< 2 J/P 'i y (Vfjfit) dt < 2 J/P 'i ( y t^M^ j || V/. 

= 2^ m m || V/ .|| W)?i < 2 *M (£p || XHi V/|U, 

Using this estimate, (14.41) and applying Lemma I3.3[ we obtain that 
V Af < (2v)^2^ (£Y \\Vf\\£ uqi , l< Pl < qi <oo. 

Together with (I4.10p . this implies (14.71) for the case pi < oo,gi < oo. 
In the case qi = oo, 1 < p x < oo inequality (14.71) is obvious. 
We shall estimate f**(2~ j ). Observe that if 

r(2- j )<i/(x)i<r(2-^), 

then 

\f(x)\ = \f J (x)\ + r(2-i+n- 

Thus, 

f*(t) = f*(t) + f*(2- j+u ) for 2- j - u < t < 2- j . 
Using this observation, we get 

( 2 -i) = y I / " r\t)dt + f [f*(t) + f*(2-1 +v )]dt 



3 

2-3-" 



< 2- u f**(2- j - u ) + f**(2~ j ) + f*(2~ j+v ). (4.11) 
Further, for any k e Z, choose h k G [2~ 2(fc+1) , 2~ 2k ] such thatQ 
\\P h J\\ P2 = mm{\\P h f\\ P2 : h G [2~ 2 ^ , 2" 2fc ]}. 

We have 

/**(2^) < (£ - P,J,)**(2^') + (/';„ ./• )"(2 ■') (4.12) 



1 In fact, it is known that ||fft/||p 2 decreases in h (cf. [§1 Theorem 4(ii)] 
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for all J,* G Z. By (101 . 

< c2 j - k [ \Vf{x)\ dx = c2^ Pl ~ k Aj, (4.13) 
where c depends only on n. Further, 

P hjj = Ph k (fj - f) + Ph h f- 

We have 

(P hk fy*(2S) < y/^\\P h J\\ P2 = 2^-*- afc , (4.14) 
where a k = 2 ks \\P h J\\ P2 . Besides, by @3D|I, 

(flj/i - /))**(2^') < (/j - /)**(2- i ). (4.15) 
If |/(x)| > /*(2-^-"), then 

- fj(x)\ = \f(x)\ - r(2^-) + f*(2-^). 
If |/(x)| < /*(2-^), then 

/(,•) -./• (,■) < f(2 '-"). 

Thus, 

(/ - fj)**(2- j ) < 2-"f*(2- j - v ) + f*(2- j+v ). (4.16) 
Applying inequalities (14.111) - ( 14. 16ft . we obtain 

f**(2~ j ) < c[2 J ' /pi ~% + 2 j/p2 ~ ks a k } 

+ 2~ u+1 f**(2- j - u ) + 2/*(2- 3 ' +v ), (4.17) 

where Aj is defined by (14. 6p and a k = 2* s ||P^ fc /|| pa . Set d = l/pi — l/p 2 ; 
by our assumption, d ^ 0. Choose 

< 5 < min(gi|d|, q 2 (l - s)). (4.18) 



Applying Lemma [3TT1 we obtain that there exists a sequence {Bj}j & 
of positive numbers such that 

Aj < Bj for all j G Z, (4.19) 

\\{B j }\\ ln <(l-2- s r 2/qi \\{A j }\\m, (4-20) 

and 

2~ 5/,?1 < B j+1 /Bj < 2 5/q \ j G Z. (4.21) 

Further, 

1/92 

iik}||^ = o;2^iip,jii^i <c\\f\\ M 



P2.92 
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Applying Lemma [XT] we obtain a sequence {(3k}k£Z of positive numbers 
such that 

a k < Pk for all fceZ, (4.22) 

||{/3 fc }||^<c(l-2- 5 )- 2 ^||/|| B|2 ^, (4.23) 

and 

2~ <5/92 < /Wft < 2 S/Q2 (k e Z). (4.24) 
Now we have from (14371) . (14719]) and (147221) 

/**(2~ J ) < c[2 j/pi ~ fc J B j + 2 J ' /p2 " fcs /3 fc ] 

+ 2 ~ u+1 f**(2-i- u ) + 2/*(2- J ' +,/ ). (4.25) 
Note that, by (147T8]) and (T4724D . 2 k( - 1 - s ^ k strictly increases on fc, and 

lim 2 fc(1 ~ s) /3 fc = oo. 

fc— >+oo 

Since is bounded, we have also that 

lim 2 k(1 - s) f3 k = 0. 

k— > — oo 

Thus, for any fixed j G Z there exists an integer k(j') such that 

2 «0')(i-^) / 3 k0 . ) < 2^5, < 2 (K(j)+1)(1 " s) /3 K(i)+1 (4.26) 
(where d = 1/pi — 1/^2)- Choose a natural number 

1 - s + 5/q 2 



N > 



\d\ - 8/ gi 



Suppose first that p\ < p 2 and thus d > 0. Applying inequalities 
(I4.2ip . (I4.24p . (I4.26p . and taking into account the choice of N and 5, 
we obtain that for any j e Z 

< 2^ d B J+N 2^- s+s ^ < 2^ +N ^(3 K(j+N)+1 2- 5 ^ 

Since 2 fc ( 1 - s )/3 fc increases, this inequality implies that k(j') < /t(j + N). 
Thus, using (I4.23p . we have that 

\ 1/92 

E^O) < c ' Nl/92 \\fh^ 2 - (4-27) 
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Now we consider the case P2 < pi (that is, d < 0). Following the same 
reasonings as in the previous case, we get 

< 2-* d Bj2~ N<y][d][ ~ 5 l q ^ < 2- ?d _B ? -2^ 1_s+<5 /' 32 * ) 

Then, n(j + N) < and ( 14.271) holds in this case, too. 

Using inequalities (14.251) and (14. 26ft . and taking into account that 

6(1 - s) = 1 and - = 1 , 

V Pi P2 

we obtain 

f**(2~ j ) < c2 l/p B)- e l3 e K(j) + 2~» +1 f**(2- J - u ) + 2f{2- j+v ). (4.28) 
Denote a j = 2il p B l r e f3 e K(j) . Recall that 

1 _ 1 -6 6 

Thus, applying Holder's inequality, we have 

fyj2-*/% ? ) 1/ ' '=fe B r*<%)Y" 

Vjez / \jei / 

ME"? E«» ■ 

\jez / \j6Z / 

Using this estimate and inequalities M~7\i . fl420|) . fl423|) . and (jQ7|) . 
we obtain 

(^2--/ V j) <c||V/||^J|/||| |2 (4.29) 
\j& / 

Now we assume that / G L p ' 9 and we consider the last two terms on 
the right hand side of f)4.28p . We have 




(4.30) 
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and 



VjGZ / 



(4.31) 



Since p\ ^ P2, we have that 1 < p < oo. Therefore we can choose 
v G N such that 2"^' + 2"^ < 1/4. Then, applying ( 14728]) - pi) , 
we obtain 

£ 2 -*/V~(2-0 9 ) < c||V/||ii||/||^ i(B . (4.32) 



This proves our theorem for r = 1, but with additional assumption 
that / G L p ' 9 . It remains to show that this assumption in fact is true 
(cf. [T6l p.663]). For this, we prove the following weak-type inequality 

f**(t) < c{Vfr{tf- e t- e ^\\f\\% s . (4.33) 

P2.92 

First, by (15771) . 

(f-P h fy*(t)<cVh(Vf)**(t). 

Besides, 

(p h fr*(t)<t-y^\\p h f\\ P2 . 

For any \i > 0, find /i M G [/i, 2/x] such that 



I P v/Hp2 = mm ||P/J|| P2 . 

/ie[/Lt,2yUj 



Then 



92 
P2 



> / ^ 2/2 ||P,/||^x 



> Cx\\P h J\\%li- sq ^ (ci>0). 



Using estimates given above, we have 

r*(t)<(f-p h jy*(t) + (p h jr(t) 



< c 



ij}i 2 {vfy*(t) + n s 'H 



S/2+-1/P2 



B s 

P2-92 



for any /z > 0. Taking 



2B 



B 



P2'<?2 



(V/)**(f) 



we obtain (I4.33p . 
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Since V/ G L pi ' qi (R n ), we have that *V« (V/)**(t) is bounded. 
Thus, it follows from p~33|) that t 1/p f**(t) is also bounded. In con- 
sequence, there exists k e Z such that 

2 -fco/pj**( 2 -fco) > t VPf**(t)/2 for any t > 0. 
Let ^ > 0. Then, for any integer K > \k \, 

K K+u 
j=-K j=-K+u 

<2~ vq l p> j 2~i q l p f**{2~i) q + 2~i q l p f**{2~i} q J < 

/ K \ 

<2~ vq l p ' | 2~i q l p f**(2~i) q + i/2 q 2~ koq / p f**(2~ h °) q J < 

If 

< 2~^ /p ' (1 + 2V) ^ 2 - jq/p f**(2- j ) q . 

j=-K 

Similarly, we have 

2-i<i/pf**(2~i +u y = 2~ vq l p 2~i q l p f**{2~^) q < 

j=-K j=-K-v 

K 

<2~ vq/p {l+2 q v) ^ 2- jq/p f**(2~ j ) q . 

j=-K 

We apply these estimates (for v big enough) to the inequality 

f**(2- j ) < coj + 2~ u+1 f**(2- j - v ) + 2f*(2- j+u ) 

(see (jjj2gp ). Taking into account P~2T?j) . we obtain that for K e N, 
if > |Jfe | 

E 2 '7 ( 2 < c||V/||J- 

\j=-K / 



91 J B« 

P2.92 



This completes the proof of our theorem for r = 1. 

Now we apply induction. Assume that theorem is true for r — 1 
(r > 2). Set 

1 _ . r-1 
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Further, let 

1 1-9' 9' 1 1-6' 6' lA AX 

— = + — - = + -. 4.34 

Pi pi P2 qi qi q-i 

Observe that, since p\ ^ P2, then p\ ^ p 2 . Moreover, using (14. ip and 
fl4~34"l) . we obtain 

1 1-6 6 1 1-6 6 



P Pi P2 q qi q2 
Thus, by our inductive assumption 



P2.92 



We have 6' = 1/(1 — s'), where s' = s + l — r<0. Thus, as it was 
already proved, for any function g e (M. n ) fl Bp^~ r (E, n ), 

< c |i^ii^;ibiig^ r 

We apply this inequality to each of the derivatives D a f of order \a\ = 
r — 1. Taking into account that 



Rs 



W!\\^-r < C\ 

(see Lemma [37TT) . we obtain 

VlU, ft < c||P7llU 11/11 % _ (4-36) 



P2.92 



We have (1 - 6){1 - 9') = 1 - and 9 + (1 - 6)6' = 6. Hence, (TOSD 
and <^M) imply 

□ 

Remark 4.2. The explicit value of the constant c in (14.21) is rather com- 
plicated. From (14. 7p . we can see that this constant remains bounded if 
Pi and qi tend to 1 in such a way that p[/q[ is bounded (for example, 
if 1 < qi < p 1 .) However, if q 1 > 1 is fixed and pi — »■ 1+, then c — > oo. 
Also, c blows up if l/p l - l/p 2 (see fl4TTgj) . (O01) . and (Q3I) ). 

A special case of Theorem 14.11 is the following theorem. 

Theorem 4.3. Let r G N, 1 < r < n, 1 < p < n/r, and let p* = 
npj (n — rp). Then for any function f G WT(M n ) 

ll/ll P % P <cp7lli- pr/ "1l/llj/-„ /P - (4-37) 

By virtue of (12. 7p . this result gives a refinement of Sobolev type 
inequality (II. 5p . 
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5. Auxiliary propositions for Triebel-Lizorkin and Besov 

inequalities 

The following lemma presents a modification of Lemma 2.1 in [T5]. 
It can be interpreted as a continuous counterpart of Lemma 13.11 

Lemma 5.1. Let 7 > 0. Let G L q (R + ,dt/t) be a non-negative 
function such that 0(£)t 7 increases or <f)(t)t~' y decreases. Then, for any 
5 > 0, there exists a continuously differentiable function on R+ such 
that: 

(i) 0(t) < 4>{t), t G R + ; _ 

(ii) 4>{t)t s increases and <fi(t)t~ s decreases on M. + . 

(iii) \\<j)\\mR + ,dt/t) < c\\(p\\ L cj {R+:dt / t ), 

where c = (2(1 + / y/S)) 1 ^ q if q < 00 and c = 1 if q = 00. 

Proof. If q = 00, we define the constant function 0(t) = ||0||oo, and the 
lemma follows immediately. Assume that q < 00. Suppose first that 
0(t)t 7 increases. Set 



<f )l (t) = ((5 + 1 )q) 1/ H s [ I (j){u) q U- 5q ^ j 



,du\ 



Then (j)\{t)t 5 decreases and 



(poo j \ 1/q 



l\\Li(R+,dt/t) < ( 1 + 7 ) ||0|U«(R + ,<ft/t)- (5.1) 



Furthermore, applying Fubini's theorem, we easily get that 
Set now 

J ^(uyu^j . (5.2) 

Then 4>(t)t s increases on R + and 

> > t G R+. 

Furthermore, the change of variable v = u 2Sq in the right-hand side of 
fl5T2D gives that 

„ t 2S q \ 1/9 



where ?](m) = (0i (m)m 5 ) q is a decreasing function on K + . Thus, t 5 0(t) 
decreases. Finally, using Fubini's theorem and (15.11) . we get (iii). 
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Let us consider the case when cpit)^ 1 decreases on E + . Setting 
h(t) = <p(l/t), we have that /i(t)f increases. As above, we obtain that 
there exists h satisfying (i), (ii) and (hi) with respect to h. We set 
<p{t) = h(l/t). It is easy to see that <p satisfies (i), (ii) and (iii) respect 
to (p. The lemma is proved. □ 

Lemma 5.2. Let a, (3 > 0. Let ip, ip : (0, oo) — > (0, oo) be dif- 
ferentiable functions. Assume that either ip(t)t a decreases or ip(t)t~ a 
increases. Further, assume that ip is bijective, ip'(t) > for all t > 0, 
and ip(t)t~P decreases. Then the function z(t) = ^~ 1 (<^(t)) is mono- 
tone and bijective on M. + and satisfies inequality 

a \z'(t)\ 

— < for any t > 0. 

pt z(t) 

Proof. If (f(t)t a decreases, then ip is bijective and strictly decreasing. 
The derivative of (f(t)t a is smaller or equal than zero and thus 

t - (Pit) ' 

If ip(t)t~ a increases, then ip is bijective and strictly increasing. In this 
case, taking the derivative of (p(t)t~ a we have 

t - <p(t) ' 

In any case 

f^" (5 - 3) 

Now we consider the function ip. Since T/>(t)t _/3 decreases, then f/> _1 (t)t~ 1///3 
increases. Proceeding as before, we obtain 

1 < <™ (5.4) 
fit ~ 4>~\i) 1 ' 

Finally, using (15 .41) and f 15 .31) . we have 

\z'{t)\ {ip- l )\v(t))W(t)\ \ V '(t)\ > a _ 



z(t) ip-^it)) ~ Mt) ~ 0f 



□ 



Lemma 5.3. Assume that < Pi,P2,Qi,Q2 < °°; Pi P2- Let p > 
and a < 0. We set 

P 11-66 11-66 
6 = -^—, - = + -, - = + -. 5.5 

p-a p pi p 2 q qi q 2 
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Let 0i G L 91 (R+, dt/t) and 02 G L q2 (W + ,dt/t) be non-negative func- 
tions. We consider three following cases, defining a function $>(z,t) 
for z, t > m eac/i o/ them: 

(i) let t p (pi(t) increase and t a (p2{t) decrease on R +; and set 

&(z,t) = r 1/pi z'0i(z) +t- 1/p2 z CT 2 (z); 

(zij let t~ l l' Pl 4>i(t) and t a fait) decrease on R +; and se£ 

$(z,t) = r 1/pi 1 (t)z p + r 1/p2 2 ff 2 (z); 

(m^ Ze£ t p <pi(t) increase and £~ 1//p2 02(i) decrease on R +; and se£ 

= r 1/pi z^xiz) + t- 1/v2 (j) 2 (t)z a . 

Let f{t) = inf 2>0 $(-2, t) (t > 0). Then in each of the cases (i)-(iii) 

\\f\\p,q < C|| 01 1| \ q l ( M+)df / f ) || 02 || L92(R + , dt/t), (5.6) 

where c is a constant that does not depend on 0i ; 02. 

Proof. We first consider the case (i). We apply Lemma \5. II to 0i (with 
7i — p, Si — p/2), and to 02 (with 72 = |er|, <5 2 = | cr | / 2) . We obtain 
strictly positive and differentiable functions 0i > 0i and 02 > 02 such 
that 

<fii(t)t Si increase and <pi{t)t~ 5i decrease (5.7) 
for i = 1,2. Besides 

\\4>i\\Ln(R + ,dt/t) < c||0i||i?i(R +i d t / t ) (i = 1,2). (5.8) 
Then, for any t > 0, we have the inequality 

fit) < inf \t- 1/pi z P Mz) + t- 1/p2 z a 2 (z)] . (5.9) 

Fix t > and set ip(z) = z p - a (f^z) / (f) 2 (z) . By (iSTTjl . the function 
il)[z)z'~^ p ~' 7 ^ 2 increases. Thus, ip{ z ) is a bijective strictly increasing 
function with strictly positive derivative. Furthermore, (15.71) imply 
also that ip(z)z~ 3( - p ~ a ~ S) / 2 decreases. Denote d = 1/pi — l/p2- We apply 
Lemma 15.21 with ip(t) = t d , a = \d\, and (3 = 3(p — o~)/2. Then, 
z(t) = ■0 _1 (t a! ) is a bijective and differentiable function from (0, 00) 
onto (0, 00) such that 

- < c^-^. 5.10 

t ~ z(t) v ; 

Choosing z = z(t) in (15. 9p . the two addends are equal. In consequence, 

/(*) < 2 (t-v»z(tyfa{z{t)j) 1 ~° (r^zityUm 



2t-^ (Mm)) 1 ' 9 (M4t)) 
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Now we apply Holder's inequality with conjugate exponents q\/{q{l — 
6)) and Using also (I5.10p . we obtain 

<2( (Mm)) {um) 



t 



< C 1 1 01 1 1 £ 91 (a+ 4t/t) 1 1 02 1 1 In (R + ,dt/t) ■ 

This inequality and (15. 8p imply (15. 6p in the case (i). 

Next, we consider the case (ii). We apply Lemma [5. II to 02 as above 
and to 0i with 71 = 1/pi and 61 = \d\/2 (d = l/pi — 1/^2)- We obtain 
strictly positive and different iable functions 0i > 0i and 02 > 02 
satisfying (15. 7p and (15.81) . Then, we set 

jd Z p ~ a 

<f(t) = — and ip(z) 



By fl5ZD, <p(t)t ]d]/2 decreases if d < and <^(t)H d l/ 2 increases if d > 0. 
As above, %jj(z)z~( p ~ a ^ 2 increases and ip(z)z~ 3( - p ~ a ^ 2 decreases. Thus, 
we can apply Lemma [531 with a = \d\/2 and (3 = 3(p — <r)/2. Then, 
z(t) = ip^ 1 {ip{t)) is a bijective and different iable function from (0, 00) 
onto (0, 00) satisfying (I5.10p . We have that for any t > and any z > 

f(t) < r 1 '*fc(t)z' > + t- 1 ' pa z a Mz). 

Choosing z — z(t), we get 

f(t)<2t~^ (Mt)) 1 ' 6 (Mz(t))) e . 

Proceeding as above, we obtain inequality (15.61) in the case (ii). 

Finally, the case (hi) is treated by similar arguments. Moreover, it 
can also be derived from the case (ii) by exchanging pi for p 2 , q± for q 2 , 
p for |er| and z for 1/z. □ 

Lemma 5.4. Let f G S (R n ). Assume also that f G L 1 (R n ) + L°° (R n ) . 
Let m G N. Then, for almost all x G W 1 , 

/ 1 \m poo am 

f{x) = ^ ~~tt / K m - l —P h f{x)dh. (5.11) 

v ' (m - 1)! 7 <9/i m w v ' 

Proof. First, let us compute the derivatives of the heat kernel Ph{y) = 

can be seen that 

9 "MV) = P ,(y)^=^L»' 2 -' ( l 4) • (5-12) 



dh'"' y " ' h<" "' V ill 
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where L™ 2 1 is the generalized Laguerre polynomial. To prove (15.1 2D . 
for instance, use p.l90(26)] if y ^ and [8, p.l89(13)] if y = 0. 
Besides, by jSJ p. 190(28)], it follows that 

,5,3) 

Now we will show that for any h > 

/• am 

Phf(x)= 1 r— Ph (y)f(x-y)dy. (5.14) 



First we can assume that 1/M < h < M. Then, by substituting in 
(I5.12j) h for M or 1/M when convenient, we can bound | -§f^Ph{y)\ by 
a function independent of h which is in the Schwartz class. And the 
same can be done with the derivatives of order i, i — 0, 1, . . . , m. Thus, 
we can pass the derivative through the integral sign (see, for instance, 
[21 Corollary 5.9]) and (Plj) is true. 
We will compute explicitly the integral in (15.111) . Define for m G N, 

F m (K x) = -J Ph(y)LT-i /(* - y)dy, (5.15) 

Using the same arguments as before, the partial derivative of F m with 
respect to h can be calculated passing through the integral sign. Thus, 
(15351) . fl57T5j) . (15321 . and (EJJJ) lead to 

l±^(h x) = { j h m - 1 -—P h f(x) 

dh [,) {m-l)\ dh™ hIKh 

In other words, F m is a primitive for the right hand side of the last 
equation. It only remains to prove that for any m G N, 

lim F m (h,x) = for almost all x G R n (5.16) 

h— >+oo 

and 

lim F m (h,x) = - fix) for almost all x G M", (5-17) 

and (15. lip follows. 

Now, since L^l\ = Y^T=o L^ 2 ' 1 (cf. [8, p. 192(38)]), and Laguerre 
polynomials L^ 2 ~ l are orthogonal with respect to the weight e _ *t n / 2_1 , 

JO ,-_ n >/0 



i=0 

OO /-X 

e~ 



m Lo /2 ' 1 (m)m™ /2 - 1 c/m= / e-^ 2 - 1 ^ = r(n/2). 
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Furthermore, changing to spherical coordinates, applying the change 
of variable t 2 = u, and the last equality, we obtain 

3n— II poo |sn— 1| 

e- u L n J l 2 _ 1 {u)n n/2 ^du = l -^-Jr(n/2) = 1. 



2W 2 J m ~ iy ' 2W 2 

In conclusion, 7r _n//2 e~' z ' 2 L^ 1 (|2;| 2 ) is an integrable function with the 

integral equal to 1. Then gh(y) = Ph(y)L^(l 1 (\y\ 2 / (4h)) can be used 
to construct by convolution an approximation of the identity when 
h — > + . Finally, given any e > 0, as / G 5 , (M n ), it holds that 
|{/ > e}| < oo. Thus, we can split / = ff + /f, where ff = fx{f>e} 
and /f = fX{f<e}- Then ||/flloo < £■ Furthermore, since / G L 1 (R n ) + 
L°°(R n ) and |{/ > e}\ < oo, we have that /f G L 1 (R n ). It is clear that 
the function 

#r) = sup e-W 2 |L^i(k| 2 )l (i6R") 

|*|>[x| 

is integrable on M n and therefore 

lim g ft * /i (x) = /i (x) for almost all i£i" 

(see [221 Ch. 1, Theorem 1.25]). Thus, by (15.151) . for almost all x G 



r, 



lim sup \F m (h,x)+f(x)\ = lim sup |-0 ft */i (x)-^ /i */|(a;)+/ 1 £ (x)+/|(x)| 

h-+Q+ h^0+ 

< lim |^ * fl(x) - fl(x)\ + lim sup \g h * - / 2 £ (a;)| 

<limsup 11/11100(1 + MO <(l + ||(/i||i)e. 

This implies fl5.17p . On the other hand 

limsup \\F m (h, -)||oo < limsup \\g h * + \\g h * /f 

ft— >+oo h— >+oo 

< limsup H^llooll/flli + IklliH/flloo = + |bi||i||/!||oc < ||<7i||i ■ e. 

h— »+oo 

This yields (15.161) . The proof is completed. □ 
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6. Inequalities with Triebel-Lizorkin and Besov norms 
Theorem 6.1. Let < pi,p2 < oo, < qi,q2 < oo ; r > ; s < 0. Let 







r — s 



1 _ 1 -9 9 

V Pi P2 q qi 



1 1-9 9 , , 

- = — + -. (6.1; 

<?2 



T/ien, /or any function f e S (R n ) n (L 1 (R n ) + L°°(R n )) it fcotas t/iat 
ll/IU < \\f\\% (6.2) 

where c does not depend on f . 



Proof. First we assume that the quasinorms in the right hand side of 
(16.21) are finite. Otherwise, the result is trivial. 

Choose a natural m such that m > r/2. By Lemma [5.41 we have 

ar, 
■rn-1 u 



\m poo 



, Ml/ 

(m - 1)! J 
Then, for any z > we obtain 

\m\ < 1 



m- 1)! 



+ 



Now, we set 



H(x) = suph m - r/2 

h>0 

Note that = 
Besides, by (JE3D 



(m- 1)! 
<9 m 



h 



h m-l 

Qm 



d r 



-P h f(x)dh. 



(6.3) 



Phf(x) 



m—l 



dh 



dh m 
Phf{x 



dh 



dh. 



(6.4) 



dh r 



Phf(x) 



G(x) = sup h m ~ s/2 

h>0 



& 1 



dh 1 



:Phf(x] 



(6.5) 



h 



(m - 1)! 

and, taking non- increasing rearrangements, we get 

2 



h s ' 2 



dh 



/*(2t) < 



~r/2 s/2 
" H*(t) + -r-r-GTit) 



[m — 1)! \ r 
Now fix t > 0. If #*(*) ^ 0, we choose in (KTSj) 

G*(t)r N 2/(r+|s|) 



(6.6) 



2 = ^(t) 



#*(t)|s| 



. Then, 



r(2t) < 



H*{t) i - e G*{ty. 



[m — l)\r l e \s\ 



(6.7) 
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Note that if H*(t) = 0, (EUD implies that f*(2t) = and (JEU) is also 
true. This inequality and Holder's inequality lead to (16. 2p . □ 



Remark 6.2. Note that ||g|| Pig 
tion 



po , where g denotes the func- 

P,T>1 



9{x) 



h 



ml 



dh" 



-Phf(x) 



i \ x l l 
dh 

~h 



< I < oo 



(6.8) 



Then, using this expression instead of (16. 3p and following the same 
reasonings we have that 



f° , 



< 2 1/p 



s e l 



i/i 



This kind of Gagliardo-Nirenberg inequality was essentially proved by 
Oru [4, p. 395]. His approach used the representation of the Triebel- 
Lizorkin norms in terms of Littlewood-Paley decompositions. 

Theorem 6.3. Let 1 < pi,p% < oo. 1 < qi,q2 < oo, r > 0, s < 0. 

Assume the previous notation in i\6.1\) together withpi ^ p2- Then, for 
any function f G S (R n ) n (L 1 (E n ) + L°°(R n )), it holds that 

(6.9) 



< c 



B r 

PI. 91 



B" ' 

P2.92 



where c does not depend on f . 



Proof. As in the previous theorem, we assume that the quasinorms in 
the right hand side of (16.91) are finite, we choose a natural m such that 
m > r/2, and apply Lemma 15.41 Then, for any z > 0, we obtain 
estimate (16 .4p . Thus, taking rearrangements we get 

1)!/* (2t) < 



h 



m—l 



d' 



-P h f(-)dh) (t) + 



h r 



dh 



-P h f(-)dh) (t). 



(6.10) 

Now, applying weak inequalities and Minkowski integral inequality, we 

get 

(m-l)!/*(2t)< 



t -i/ P i 



am 

h m - l —p h f{-)dh 







dh" 



+ f 



-1/P2 



Pi 



< r 1/p 







0' 



dh" 



-Phf 



h 



CO 

- ' h m 



dh m 

d 



P h f(-)dh 



dh" 



P h f 



I>2 



dh 
~h 

(6.11) 
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where 



and 



-r/2 



,1*1/2 



d" 



dh m 

gm 



dh* 



Phf 
Phf 



Pi 



P2 



dh 
h 

dh 
~h' 



(6.12) 



(6.13) 



Note that <\>\{z)z r l 2 is increasing and (f>2(z)z ' s ' //2 is decreasing on 
By Hardy's inequality [3j p. 124] it holds that 



,91 



dz\ 



- 



z J 



and 



dz\ 
z ) 



1/92 



1 2 

< - 

r 



< 



B'„ 



1 < qi < oo 



1 < q 2 < oo. 



(6.14) 



(6.15) 



Note that the last two inequalities are still valid, with the usual modi- 
fications, if qi = oo or q 2 = oo. We can apply Lemma ISTBI (i) to ( 16. lip . 
We use also (I6TT4P and <KWt to get □ 

Remark 6.4. Note that, since in the proof we use weak inequalities, 
the L P1 , L P2 — norms taken in the Besov norms in (16.91) can be replaced 
by the smaller Marcinkiewicz norms L{p\, oo), L(p%, oo). 

Remark 6.5. Let r > 0, 1 < q < oo, 1 < p < n/r. Let / G ££ 9 (R n ) 
and p* = npj in — rp). As it was mentioned in Introduction, Theorem 
implies inequality 



p*,q 



< c 



1— rp/n II r\\rp/n 
B r 



hr-n/p 
D co,q 



(proved in [T] for p = q). By (12. 6p . this gives a refinement of the 
inequality ( II. 8p . 



Remark 6.6. Applying Holder inequality, it is easy to see 



B° 



< 



B r 



If q = p > 2, this inequality is weaker than (16.91) . because it can be 
proved that in this case L p C B® with proper inclusion [2U p. 47, 
Proposition 2, iii) and p. 242, Theorem 1, ii)]. 



Remark 6.7. Theorem 16.31 also admits a counterpart of Remark 16.21 
Thus, if < I < 1 we can follow the steps of the proof of Theorem 
with the function g defined at (16.81) . obtaining 



po < C 



1-6 
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Theorem 6.8. Let < p\ < oo and 1 < p 2 < oo. Let < qi < oo, 

1 < <?2 < oo, r > 0, s < 0. Assume also the notation in A6'.l\) and 
Pi^p 2 . Then, for any f e S (R n ) fl (L^R") + L°°(M n )) ; ^ /ioWs &at 

11/11™ <c||/||£ fl H/lli , (6.16) 

where c does not depend on f . 

Proof. The proof is a mix of the proofs of Theorems 16.11 and 16. 31 We 
obtain again (I6.10p . The first addend is estimated like in (16. 6p and the 
second one like (16. lip . Then we obtain for any z > 

(m - l)!/*(2t) < r l/pi z r/2 (p 1 {t) + r l/P2 z-^ /2 (p 2 (z). 

Remember that 4> 2 (z), defined in (I6.13p . satisfies (16.151) and 4> 2 (z)z~\ s ^ 2 
decreases in z. Besides (f>i(t) = 2t 1 / pi H*(t)/r e L qi (R + , dt/t), where 
H is defined at ([63]) and thus, ||</>i||z,9i(R + = \ \\f\\pr It only 
remains to apply Lemma [5.31 (ii) and (I6.16P follows. □ 



Remark 6.9. It is well known that if 1 < p < oo, then the Triebel- 
Lizorkin norms are equivalent to the Sobolev norms. That is: || • || p ~ || • 
IIf° 2 ' IHIwj ~ II'IIf ? ' 2 ( see I2S P-242, Theorem 1]). Therefore, our main 
result (Theorem l4.ll) could be seen as a consequence of Theorem 16.81 in 
some particular cases. However, it is impossible in the important case 
p — 1. Besides, we consider the more general Lorentz quasinorms rather 
that L p norms. This is motivated since in some contexts in the study 
of Sobolev inequalities the LP norms of the derivatives have revealed 
not to be a enough precise scale. Frequently they are substituted for 
the more precise Lorentz scale L p,g . 

The Triebel-Lizorkin-Lorentz spaces are described in terms of Littlewood- 
Paley decompositions. It can be proved also [291 Theorem 5] that 
II ' Wpq ~ II ' Hp (1 < P < oo, < g < oo) and using a Bernstein 
type inequality II • 11^ ~ II • 11™. (similar to GUI Lemma 2.31). But 

we have to take into account that in our Theorem 16.81 we are using a 
thermic definition of the Triebel-Lizorkin-Lorentz spaces. Although it 
is reasonable to figure out that the thermic and Littlewood-Paley defi- 
nitions are equivalent (following the methods in [23]), this equivalence 
is not proved in the literature and is out of the objectives of this paper. 
On the other hand, note that the constant in II • II p r < ell • \\^ r 

' " pi,pi;2 vv pi,pi 

explodes when p\ — > 1, and therefore Theorem 14.11 can not be derived 
as a consequence of Theorem 16.81 

Theorem 6.10. Let 1 < pi < oo and < p 2 < oo. Let 1 < qi < oo ; 

< q 2 < oo, r > 0, s < 0. Assume also the notation in k6. 1\) and 
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Pl ^p 2 . Then, for any f e S (R n ) n (L 1 (M n ) + L°°(M n )) ; it holds that 
ll/IU<c||/||y \\f\\% , (6.17) 
where c does not depend on f . 

Proof. For proving this theorem we estimate the first addend in (I6.10p 
as in Theorem 16.31 and the second as in Theorem 16.11 That is, 

(m - l)!/*(2t) < r 1/w z r / 2 0i(z) + t- 1/p2 z- lsl/2 <f) 2 {t), 

where 4>i(z) is defined at (16.121) . (pi(z)z r ^ 2 increases and (I6.14p holds. 
02 (t) = 2t 1 / p2 G*(t)/\s\ e L q2 (R + ,dt/t), where G is defined in fl63|) . 
( 16.17P follows from Lemma [5.31 (in). □ 

Remark 6.11. Let us note that the "constants" c appearing in (16. 2p . 
(16.91) . (I6.16P and (I6.17P depend on the integer number m chosen in the 
definition of the Triebel-Lizorkin and Besov quasinorms. The constants 
can be computed explicitly, but the expressions are not friendly. Here 
we only remark that they explode when r or s tend to zero. Theorems 
16.31 16.8l and l6.10l use Lemma 15731 hence the constants also explode when 
1/pi - l/p 2 -> 0. 

Remark 6.12. As it was mentioned in the Introduction, as a con- 
sequence of theorems 16.101 and 16.11 can be obtained limiting cases of 
Gagliardo-Nirenberg inequalities similar to those in [27]. To be more 
concrete, let 1 < p < q < oo, < r, p < oo. Choose max{l,g — 
p,r,p} < pi < oo. From Theorem 16.101 we have 

— C ll/ll^n/pi ll/ll^,n(l-9/p)/ Pl 

Pi 'PI pp 1 /(p 1 +p-q), oo 



Now, by (TJU) and fl23D . 

< cH/H^n/r < C||/||^n/r. 

Pi iP\ r iPl r iP 

Besides, using well known embeddings (cf. [2U 2.7.1, p. 47 Proposition 
2. i), p.242 Theorem 1]) 

imi^(WP)/Pi < c\\f\\ p „ < c\\f\\ P o < c\\f\\ p . (6.18) 

PPl/(Pl+P-9)'°o P ' 

Putting together the three last inequalities, (ll.lOp immediately follows. 
To prove (II .lip we proceed in the same way, now using Theorem 16. II 

< C ||/||pn/pi H/ll^ntl-q/pJ/p! 

PI, oo ppi/(pi+p-g),oo 



It also holds that (see 2.7.1]) 



p«/Pl < C / Un/r 
r p\ ,oo 1 r,oo 
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Finally, the two last inequalities and again ( I6.18P imply ( 11.1 ip . 

Let us note that in this remark we are using equivalences of the 
quasinorms defined in terms of the Gauss- Weierstrass semigroup and of 
those defined in terms of Littlewood-Paley decompositions. It is known 
that these equivalences hold modulo polynomials (cf. [22]). However, 
it is not necessary to consider (ll.lOp and ( II. lip modulo polynomials, 
since we assume that / G L p (JBL n ). 
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